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 Compared with our previous Milestone Report (April 2013) where only the CFD 
hydrodynamics validation was made, this report covers the validation on all three aspects of 
this complex multi-physics multi-phase reactive flow problem. Based on the simulation 
results with the unit problems, we are able to provide the calibrated model parameters and 
discrepancy functions between the model prediction and experiment observation. In Task 4, 
we have developed: 1) CFD models for bubbling bed adsorber of Carbon Capture Unit (C2U) 
system; 2) Adaptive sampling capability for UQ. 3) Model validation for C2U and Bayesian 
calibration for CFD models. 
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 The computational MFIX model was analyzed with the same statistical uncertainty 
quantification techniques as those used in the bubbling bed unit problem (Lane et.al 2013), 
including sensitivity analysis (Saltelli 2000, Storlie et.al 2009), Bayesian calibration and 
model assessment (Kennedy et.al 2001, Higdon et.al 2004, Storlie et.al. 2013). These tools 
were used to evaluate the model and determine the optimal input parameters. 
 Analysis begins by identifying model parameters ! ! !!!!! !!!!, that are thought to be 
significant and have an associated uncertainty in their values. The relevant parameters 
identified in each C2U problem are described in their respective sections. 
 The BSS-ANOVA calibration routine used for analysis in what follows is described in 
detail in Storlie et.al. 2013, while a brief overview is also provided in Lane et.al 2013.  
Essentially the approach builds upon the approaches of Kennedy et.al 2001 and Higdon et.al 
2004, by first placing a prior probability distribution on the value of the unknown model 
parameters.  This prior distribution is then updated by conditioning on the experimental data 

Cases completed 

Figure 1: CCSI Hierarchical CFD Validation 
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 In the 32D hot but non-reacting flow, the inlet gas temperature is varied and so is the coil 
temperature by circulating oil with a specific temperature in the coils. The inlet gas is the 
same N2 nitrogen without CO2. The QOIs measured in this set of experiments include 
pressure drop as well as bed temperature.  
 
 Finally the experiments of 32D reacting flow involve the most comprehensive multi-
physics mechanisms including hydrodynamics, heat transfer, and chemical reactions. 
Synthetic flue gas with carefully designed CO2 concentration is used as the inlet gas, and the 
coil temperature is maintained by the temperature of flowing oil to achieve the desired bed 
temperature in the C2U unit. In addition to pressure drop and bed temperature, the QOIs 
measured in this round of the experiments also include CO2 concentration at exit with which 
the CO2 adsorption capacity and the breakthrough curve can be calculated.  
 
 
 

   
Figure 2:  Schematic plot of experiment setup and locations of various sensors 

 
 
 
 
 
 

S2 Simulation Study

A simulation study was conducted to investigate the practical performance of the proposed method-

ology. The following four simulation configurations were considered:

• Configuration 1:

X = [0, 1], Θ = [0, 0.25]× [0, 0.5],

θ0 = (0.2, 0.3)ᵀ, δ0(x) = cos(2πx− π),

η(x,θ) = 7{sin(2πθ1 − π)}2 + 2{(2πθ2 − π)2 sin(2πx− π)}, θ = (θ1, θ2)ᵀ
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• Configuration 2:

X = [0, 1]2, Θ = [0, 0.25]× [0, 0.5]× [0, 1],

θ0 = (0.2, 0.3, 0.8)ᵀ, δ0(x) = cos(2πx1 − π) + 2

(
x2

2 − x2 +
1

6

)
, x = (x1, x2)ᵀ,

η(x,θ) = 7{sin(2πθ1 − π)}2 + 2{(2πθ2 − π)2 sin(2πx1 − π)}+ 6θ3(x2 − 0.5),

θ = (θ1, θ2, θ3)ᵀ

• Configuration 3:

X = [0, 1]2, Θ = [0, 1]2,

θ0 = (0.2, 0.4)ᵀ, δ0(x) = exp(−x1)

(
x1 −

1

2

)(
x2

2 − x2 +
1

6

)
, x = (x1, x2)ᵀ,

η(x,θ) =
2

3
exp(x1 + θ1)− x2 sin(θ2) + θ2, θ = (θ1, θ2)ᵀ

• Configuration 4:

X = [0, 1]2, Θ = [0, 1]2,

θ0 = (0.6, 0.2)ᵀ, δ0(x) = 0, x = (x1, x2)ᵀ,

η(x,θ) =
1

2
θ1

[√
1 + (θ2 + x2

1)
x2

θ2
1

− 1

]
+ (θ1 + 3x2) exp{1 + sin(x1)}, θ = (θ1, θ2)ᵀ

Note that, for a given pair of ζ and η, we can determine θ0 (and therefore δ0) by minimizing

(2). Therefore the above configurations essentially correspond to four pairs of ζ and η. Note that

Configuration 2 is a modification of Configuration 1. In below, we explain how this modification

would be interesting in terms of its effects on parameter estimation and uncertainty quantification.

As for Configurations 3 and 4, the physical reality η are test functions used in Park (1991)1.

Moreover, Configuration 4 is coupled with no discrepancy to mimic the ideal scenario where the

physical reality can be completely modeled by the computer model. For all configurations, we

used n = 50 and m = 300. Both εi’s and τj ’s are independent normal random variables with

signal-to-noise ratios (snrs) set to 10 and 55, respectively. These snrs are defined respectively as∫
X

{
ζ(x)−

∫
X
ζ(x)dx

}2

dx/Var(ε1)

and ∫
X×Θ

{
η(x,θ)−

∫
X×Θ

η(x,θ)dxdθ

}2

dxdθ/Var(τ1).

1See http://www.sfu.ca/~ssurjano/calibrat.html for other references of these test functions.
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Their values were chosen to mimic common practical situations that the snrs of the simulator data

are significantly higher than that of the experimental data. Both designs in the experimental

data and the simulator data are generated by Latin hypercube sampling (McKay et al., 1979). We

note that the above configurations do not attempt to cover the huge range of possible practical

configurations.

For each of the four configurations, 200 data sets were simulated according to (3), to which

the proposed frequentist calibration method was applied to estimate θ0 and δ0. Smoothing spline

ANOVA (with main effects and two-way interactions) was used as the nonparametric regression

model for both η and δ0, with the corresponding smoothing parameters selected by generalized

cross-validation. We used the R package gss (Gu, 2014) for the practical implementation.

Uncertainty measures on θ0 and δ0 were constructed using the following two methods:

1. fboot: The proposed frequentist method coupled with the bootstrap procedure of Section 3

without re-sampling of the design (i.e., skip Step 1).

2. fboot-rs: The proposed frequentist method coupled with the bootstrap procedure of Section 3

with re-sampling of the design (i.e., keep Step 1).

As discussed in Section 2.1, the definition of the ideal parameter value θ∗ is important. While the

proposed methods target at θ∗ = θ0, most Bayesian alternatives target at the physical parameter

(whenever possible) and require the the specification of its corresponding prior distribution. Due

to the different targets (and the effects of prior distribution), it would be difficult to perform a

fair comparison between our method and the Bayesian alternatives. To avoid misleading results,

we only demonstrate the practical performances of our methods in Configurations 1, 2 and 3.

However, Configuration 4 has no discrepancy function and hence the computer model can be tuned

as the physical reality exactly at the parameter value θ0 which seems to be also a reasonable

target of the Bayesian alternatives. Therefore, we apply a state-of-the-art calibration method,

Bayesian smoothing spline ANOVA (Storlie et al., 2014) bss-anova, with the suggested generic

prior specifications to give a reference comparsion. It is noted that the prior distribution of the

discrepancy function is a mean zero Gaussian process which matches with no discrepancy scenario.

Since θ0 is a reasonable target for both methods, it is expected to see that none of the two methods

outperform the other in a clear way. The goal of this comparison is to demonstrate the empirical

performances of the proposed methods with a Bayesian method as reference. Finally, we note

that model parameters, computer model and discrepancy are non-random in each configuration,
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as similar to Storlie et al. (2014). The Bayesian methods are not intended to have exact nominal

coverage under this non-random setting.

The mean squared error (MSE) for each element of θ0 = (θ0,1, . . . θ0,d), where d = 2 for Config-

urations 1, 3 and 4, and d = 3 for Configuration 2, are shown in Tables S1 and S2. For bss-anova,

the posterior mean of θ0 is treated as the estimate and the corresponding MSE is computed. In

Configuration 4, the MSE of bss-anova is double as that of the proposed method in θ0,1, and vice

versa in θ0,2. Therefore, the proposed method and bss-anova do not outperform the other clearly.

For both configurations, θ0,1 and θ0,2 have small MSEs. However, for Configuration 2, θ0,3 has

a relatively larger MSE which results from the fact that θ0,3 is fundamentally difficult to estimate.

Note that the variability of η, defined as∫
X×Θ

{
η(x,θ0)−

∫
X×Θ

η(x,θ0)dxdθ

}2

dxdθ,

of Configurations 1 and 2 are approximately 45.1 and 46.1, meaning the additional signal introduced

by θ0,3 is relatively weak. In below, the results of uncertainty quantification show that the proposed

method detected this issue and produced wider confidence or credible intervals for θ0,3.

As for the discrepancy function, the averaged MSEs, with standard errors, are also shown in

Tables S1 and S2. Each MSE is computed over a grid of X . The estimate of the discrepancy

function from the bss-anova procedure was taken to be the posterior mean at each grid point. In

Configuration 4, as expected, there is no insignificant difference between the two approaches.

The simulation results pertaining to uncertainty quantification are summarized in Tables S3-S6.

In Configuration 2, the increased difficulty in estimating θ0,3 has led to a wider confidence intervals

for θ0,3, which matches with general intuition. Overall, our methods provide coverage close to the

nominal rate of 95%.

Table S1: The mean squared errors of θ0 and δ0 for Configurations 1, 2 and 3 with the corresponding

standard errors shown in parentheses.

Configuration

1 2 3

θ0,1 1.61e-04 (0.330e-04) 1.99e-04 (0.350e-04) 1.18e-03 (0.123e-03)

θ0,2 7.07e-05 (0.875e-05) 8.89e-05 (1.17e-05) 6.12e-03 (0.662e-03)

θ0,3 - 1.45e-02 (0.119e-02) -

δ0 9.43e-02 (0.525e-02) 3.01e-01 (0.147e-01) 3.60e-03 (0.286e-03)

5



Table S2: The mean squared errors of θ0 and δ0 for Configuration 4 with the corresponding standard

errors shown in parentheses.

proposed method bss-anova

θ0,1 3.08e-03 (0.409e-03) 6.64e-03 (0.437e-03)

θ0,2 21.2e-02 (1.66e-02) 9.27e-02 (0.199e-02)

δ0 2.95e-01 (0.213e-01) 2.76e-01 (0.140e-01)

Table S3: Simulation results of 95% confidence (credible) intervals of the elements of θ0 for Con-

figuration 1: Average coverages and lengths of 95% confidence (credible) intervals. The standard

errors are shown in parentheses.

fboot fboot-rs

coverage θ0,1 97.5% (1.11%) 98.5% (0.862%)

θ0,2 94.5% (1.62%) 96.0% (1.39%)

length θ0,1 4.07e-02 (0.105e-02) 4.10e-02 (0.102e-02)

θ0,2 3.17e-02 (0.0345e-02) 3.14e-02 (0.0339e-02)

Table S4: Simulation results of 95% confidence (credible) intervals of the elements of θ0 for Con-

figuration 2: Same format as that in Table S3.

fboot fboot-rs

coverage θ0,1 98.5% (0.862%) 96.5% (1.30%)

θ0,2 98.0% (0.992%) 99.0% (0.705%)

θ0,3 96.5% (1.30%) 98.5% (0.862%)

length θ0,1 4.70e-02 (0.103e-02) 4.65e-02 (0.0977e-02)

θ0,2 3.56e-02 (0.0462e-02) 3.64e-02 (0.0489e-02)

θ0,3 4.25e-01 (0.0687e-01) 4.39e-01 (0.0595e-01)
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Table S5: Simulation results of 95% confidence (credible) intervals of the elements of θ0 for Con-

figuration 3: Same format as that in Table S3.

fboot fboot-rs

coverage θ0,1 96.5% (1.30%) 95.0% (1.54%)

θ0,2 96.0% (1.39%) 95.5% (1.47%)

length θ0,1 1.39e-01 (0.0222e-01) 1.41e-01 (0.0225e-01)

θ0,2 3.32e-01 (0.0536e-01) 3.38e-01 (0.0546e-01)

Table S6: Simulation results of 95% confidence (credible) intervals of the elements of θ0 for Con-

figuration 4: Same format as that in Table S3.

fboot fboot-rs

coverage θ0,1 92.5% (1.87%) 92.5% (1.87%)

θ0,2 99.0% (0.705%) 98.5% (0.862%)

length θ0,1 2.05e-01 (0.0218e-01) 2.08e-01 (0.0231e-01)

θ0,2 9.86e-01 (0.0319e-01) 9.87e-01 (0.0370e-01)
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S3 Technical details

Lemma 1 (Consistency of θ̂n). Suppose that Assumptions 1, 2, 3(a), 4(a), 5, and 6(a) hold. Then

θ̂n is a consistent estimator of θ0. That means, ‖θ̂n − θ0‖E
P→ 0 as n→∞.

Proof of Lemma 1. Recall that gθ(x) = η(x,θ) and ζ(x) = g(x,θ0) + δ0(x). We have

Mn(θ) =
1

n

n∑
i=1

ε2
i + ‖ζ − gθ‖2n + 2〈ε, ζ − gθ〉n. (S1)

Define

M0,n(θ) = ‖ζ − gθ‖2n + σ2.

To show the uniform convergence of Mn(θ) −M0,n(θ) over θ ∈ Θ, we first obtain the uniform

convergence of 〈ε, ζ − gθ〉n. Recall that G = {gθ : θ ∈ Θ} and G − ζ = {gθ − ζ : θ ∈ Θ}. For any

θ ∈ Θ, ‖gθ− ζ‖n ≤ ‖gθ‖n+‖gθ0‖n+‖δ0‖n <∞ due to Assumptions 3(a) and 6(a). Using Lemma

2.5 of van de Geer (2000) with Assumption 2 and 3(a),

H(u,G − ζ, Fn) ≤ d log

(
4R0c0 + u

u

)
,

where H(u,G − ζ, Fn) is the u-entropy of G − ζ for the L2(Fn)-metric (Definition 2 of van de Geer,

2000). Thus the entropy integral converges:∫ 1

0
H1/2(u,G − ζ, Fn)du <∞.

Hence, using Corollary 8.3 of van de Geer (2000) with Assumptions 1, we have

sup
θ∈Θ
|〈ε, ζ − gθ〉n| = Op(1).

By Bernstein’s inequality, we have (1/n)
∑n

i=1 ε
2
i

P→ σ2 and thus (S1) implies supθ∈Θ |Mn(θ) −

M0,n(θ)| = Op(1). Consider

sup
θ∈Θ
|Mn(θ)−M(θ)| ≤ sup

θ∈Θ
|Mn(θ)−M0,n(θ)|+ sup

θ∈Θ
|M0,n(θ)−M(θ)|,

where M(θ) = ‖ζ− gθ‖2 +σ2. By Assumption 4(a), supθ∈Θ |Mn(θ)−M(θ)| = Op(1). By Theorem

5.7 of van der Vaart (2000) and Assumption 5, ‖θ̂n − θ0‖E = Op(1).

Lemma 2. Suppose Assumptions 1, 2 and 3(a) hold. There exist constants C̃ and c (that only

depend on the constants appearing in Assumptions 1, 2 and 3(a)) such that for T > 0 and ξ ≥ ξn,

Pr

(
sup

θ:‖θ−θ0‖E>ξ

|〈ε, gθ − gθ0〉n|
‖θ − θ0‖2E

≥ T

)
≤ c exp

(
−nξ

2T 2

c2

)
,

where
√
nξn ≥ C̃/T .
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Proof of Lemma 2. Due to Assumption 2, ‖θ − θ0‖E ≤ 2R0 for any θ ∈ Θ. Let S = min{s ∈

{0, 1, . . . } : 2s+1ξ ≥ 2R0}. Using the peeling device (see, e.g., Section 5.3 of van de Geer (2000)),

Pr

(
sup

θ:‖θ−θ0‖E>ξ

|〈ε, gθ − gθ0〉n|
‖θ − θ0‖2E

≥ T

)
≤

S∑
s=0

Pr

(
sup

θ:2sξ<‖θ−θ0‖E≤2s+1ξ

|〈ε, gθ − gθ0〉n|
‖θ − θ0‖2E

≥ T

)

≤
S∑
s=0

Pr

(
sup

θ:2sξ<‖θ−θ0‖E≤2s+1ξ

|〈ε, gθ − gθ0〉n| ≥ 22sξ2T

)

≤
S∑
s=0

Pr

(
sup

θ:‖θ−θ0‖E≤2s+1ξ

|〈ε, gθ − gθ0〉n| ≥ 22sξ2T

)

To deal with each probability term in the summation, we apply Corollary 8.3 of van de Geer (2000).

Let G(z) = {gθ−gθ0 : ‖θ−θ0‖E ≤ z,θ ∈ Θ}. Due to Assumptions 2 and 3(a), supg∈G(z) ‖g‖n ≤ c0z.

By Assumptions 2 and 3(a), and Lemma 2.5 of van de Geer (2000),∫ c0z

0
H1/2(u,Gn(z), Fn)du ≤

∫ c0z

0
d1/2

{
log

(
4c0z + u

u

)}1/2

du

= 4c0d
1/2z

∫ 1/4

0

{
log

(
1

ũ
+ 1

)}1/2

dũ

≤ K̃z,

for a constant K̃ that also satisfies K̃ ≥ c0. Take
√
nξn ≥ 4CK̃/T where C is a constant (only

depends on K and σ0 in Assumption 1) specified in Corollary 8.3 of van de Geer (2000). For ξ ≥ ξn,

Corollary 8.3 of van de Geer (2000) gives

Pr

(
sup

θ:‖θ−θ0‖E≤2s+1ξ

|〈ε, gθ − gθ0〉n| ≥ 22sξ2T

)
≤ C exp

(
−nξ

2T 222s

16C2c2
0

)
for s = 0, . . . , S. Thus, for ξ ≥ ξn,

Pr

(
sup

θ:‖θ−θ0‖E>ξ

|〈ε, gθ − gθ0〉n|
‖θ − θ0‖2E

≥ T

)
≤ c exp

(
−nξ

2T 2

c2

)
,

for some constant c.

Proof of Theorem 1. First, we derive a basic inequality. As θ̂n minimizes Mn, we have Mn(θ̂n) ≤

Mn(θ0) which leads to

‖gθ̂n − gθ0‖
2
n ≤ 2〈δ0, gθ̂n − gθ0〉n + 2〈ε, gθ̂n − gθ0〉n. (S2)

Next, we handle the first term in the right hand side of (S2). This term arises from the misspec-

ification of the regression function, which results in non-mean-zero “errors” (δ0(xi) + εi), when
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compared to typical least square estimation. Write the second derivative of M(θ) evaluated at θ0

as A = A1 −A2 where

A1 =

∫
X
g

(1)
θ0

(x)g
(1)
θ0

(x)ᵀdF (x) and A2 =

∫
X
δ0(x)g

(2)
θ0

(x)dF (x).

From the identification assumption (Assumption 5), A is strictly positive definite. By Taylor

expansion, we also have, for θ ∈ Θ close to θ0 and x ∈ X ,

gθ(x) = gθ0(x) + g
(1)
θ0

(x)ᵀ(θ − θ0) +
1

2
(θ − θ0)ᵀg

(2)
θ0

(x)(θ − θ0) + γθ(x), (S3)

where

γθ(x) =
1

2
(θ − θ0)ᵀ{g(2)

θ̃
(x)− g(2)

θ0
(x)}(θ − θ0).

Here θ̃ lies between θ and θ0. By Assumptions 3(c) and 6(a), and Lemma 1, we have

〈δ0, gθ̂n − gθ0〉n = cᵀn(θ̂n − θ0) +
1

2
(θ̂n − θ0)ᵀA2,n(θ̂n − θ0) + Op(‖θ̂n − θ0‖2E),

where cn = (1/n)
∑n

i=1 δ0(xi)g
(1)
θ0

(xi) and A2,n = (1/n)
∑n

i=1 δ0(xi)g
(2)
θ0

(xi). Moreover, by Assump-

tion 3(c) and Lemma 1,

‖gθ̂n − gθ0‖
2
n = (θ̂n − θ0)ᵀA1,n(θ̂n − θ0) + Op(‖θ̂n − θ0‖2E),

where A1,n = (1/n)
∑n

i=1 g
(1)
θ0

(xi)g
(1)
θ0

(xi)
ᵀ. Elements of A1,n−A2,n converge in probability to those

of A1 −A2 due to Assumption 4(b). Hence (S2) implies

a‖θ̂n − θ0‖2E ≤ (θ̂n − θ0)ᵀA(θ̂n − θ0) ≤ Op(‖θ̂n − θ0‖2E) + 2cᵀn(θ̂n − θ0) + 2〈ε, gθ − gθ0〉n,

where a is the smallest eigenvalue of A. Since A is strictly positive definite, a > 0. By Cauchy-

Schwarz inequality,

a

2
+ Op(1) ≤

cᵀn(θ̂n − θ0) + 〈ε, gθ̂n − gθ0〉n
‖θ̂n − θ0‖2E

≤ ‖cn‖E
‖θ̂n − θ0‖E

+
|〈ε, gθ̂n − gθ0〉n|
‖θ̂n − θ0‖2E

,

Therefore, either
a

4
+ Op(1) ≤

|〈ε, gθ̂n − gθ0〉n|
‖θ̂n − θ0‖2E

, (S4)

or
a

4
+ Op(1) ≤ ‖cn‖E

‖θ̂n − θ0‖E
. (S5)

Let E1,n be the event that (S4) occurs. On E1,n, ‖θ̂n − θ0‖E > ξ implies

sup
θ:‖θ−θ0‖E>ξ

|〈ε, gθ − gθ0〉n|
‖θ − θ0‖2E

≥ a

4
+ Op(1).
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By Lemma 2, for sufficiently large n and ξ ≥ ξn,

Pr
(
{‖θ̂n − θ0‖E > ξ} ∩ E1,n

)
≤ Pr

(
sup

θ:‖θ−θ0‖E>ξ

|〈ε, gθ − gθ0〉n|
‖θ − θ0‖2E

≥ a

8

)
≤ c exp

(
−na

2ξ2

64c2

)
, (S6)

where
√
nξn ≥ 64C̃/a.

Let E2,n be the event that (S5) occurs. For sufficiently large n,

Pr
(
{‖θ̂n − θ0‖E > ξ} ∩ E2,n

)
≤ Pr

(
‖cn‖E ≥

aξ

8

)
. (S7)

Combining (S6), (S7) and Assumption 4(c), we have ‖θ̂n − θ0‖E = Op(n−1/2). By Assumption

3(a), ‖gθ̂n − gθ0‖n = Op(n−1/2).

Lemma 3. Assume that εi’s are uniformly sub-Gaussian random variables and zn is a function of

x ∈ X such that ‖zn‖n = Op(n−1/2). Moreover, assume that Assumption 6(b-d) holds. Let

δ̃n = arg min
δ∈H

[
1

n

n∑
i=1

{ỹi − δ(xi)}2 + λ2
nJ

v(δ)

]
, (S8)

ỹi = δ0(xi) + zn(xi) + εi for i = 1, . . . , n, with v > (2α)/(2 + α).

(i) If J(δ0) > 0 and λn � n−1/(2+α), we have

‖δ̃n − δ0‖n = Op
(
n−1/(2+α)

)
.

(ii) If J(δ0) = 0 and J(δ) > 0 for all δ ∈ H \ {δ0}, we have

‖δ̃n − δ0‖n = Op
(

max
{
n−1/2, λ−2α/(2v−2α+vα)

n n−v/(2v−2α+vα)
})

.

Proof of Lemma 3. The proof is similar to that of Theorem 10.2 in van de Geer (2000), with

modification due to the contamination zn. Since δ̃n minimizes (S8),

‖δ̃n − δ0‖2n + λ2
nJ

v(δ̃n) ≤ 〈ε, δ̃n − δ0〉n + 〈zn, δ̃n − δ0〉n + λ2
nJ

v(δ0)

≤ 〈ε, δ̃n − δ0〉n +Op(n−1/2)‖δ̃n − δ0‖n + λ2
nJ

v(δ0), (S9)

where the last inequality follows from Cauchy-Schwarz inequality and ‖zn‖n = Op(n−1/2). By

Lemma 8.4 of van de Geer (2000), under Assumption 6(b-d), we have

sup
δ∈H̄

|〈ε, δ − δ0〉n|
‖δ − δ0‖1−α/2n {J(δ) + J(δ0)}α/2

= Op(n−1/2), (S10)
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where H̄ = {δ ∈ H : J(δ) + J(δ0) > 0}. Next, we analyze (S9) under various cases. To improve

readibility, we underline the corresponding rates of convergences derived from each (sub)case.

Case (i): Suppose J(δ̃n) > J(δ0). Thus J(δ̃n) > 0 and δ̃n ∈ H̄. We study the following two

subcases, (a) J(δ0) = 0 and (b) J(δ0) > 0, seperately.

Case (i)(a): For J(δ0) = 0, using (S10), (S9) becomes

‖δ̃n − δ0‖2n + λ2
nJ

v(δ̃n) ≤ Op(n−1/2)‖δ̃n − δ0‖1−α/2n Jα/2(δ̃n) +Op(n−1/2)‖δ̃n − δ0‖n.

Either

‖δ̃n − δ0‖2n + λ2
nJ

v(δ̃n) ≤ Op(n−1/2)‖δ̃n − δ0‖n, (S11)

or

‖δ̃n − δ0‖2n + λ2
nJ

v(δ̃n) ≤ Op(n−1/2)‖δ̃n − δ0‖1−α/2n Jα/2(δ̃n). (S12)

Solving (S11) and (S12) yield

‖δ̃n − δ0‖n = Op(n−1/2) and ‖δ̃n − δ0‖n = Op(λ−2α/(2v−2α+vα)
n n−v/(2v−2α+vα))

respectively. So

‖δ̃n − δ0‖n = Op
(

max
{
n−1/2, λ−2α/(2v−2α+vα)

n n−v/(2v−2α+vα)
})

.

Case (i)(b): Suppose J(δ0) > 0. Using (S10), (S9) becomes

‖δ̃n − δ0‖2n + λ2
nJ

v(δ̃n) ≤ Op(n−1/2)‖δ̃n − δ0‖1−α/2n Jα/2(δ̃n)

+ λ2
nJ

v(δ0) +Op(n−1/2)‖δ̃n − δ0‖n.
(S13)

Let An be the event that the last term of (S13) is the largest term of the right hand side of (S13).

On An, we have λ2
n ≤ Op(n−1/2)‖δ̃n − δ0‖n and

‖δ̃n − δ0‖2n + λ2
nJ

v(δ̃n) ≤ Op(n−1/2)‖δ̃n − δ0‖n,

which leads to ‖δ̃n − δ0‖n ≤ Op(n−1/2). Together, we have λn ≤ Op(n−1/2). However, we assume

λn � n−1/(2+α) for the case of J(δ0) > 0. Thus, Pr(An) ≤ Pr(λn ≤ Op(n−1/2))→ 0 as n→∞. By

focusing on Acn,

‖δ̃n − δ0‖n = Op(n−1/(2+α))
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follows from the same arguments of Theorem 10.2 of van de Geer (2000).

Case (ii): Suppose J(δ̃n) ≤ J(δ0). Again, we study the two subcases, (a) J(δ0) = 0 and (b)

J(δ0) > 0, separately.

Case (ii)(a): If J(δ0) = 0, we assume that J(δ) > 0 for all δ ∈ H \ {δ0}. Thus δ̃n = δ0.

Case (ii)(b): If J(δ0) > 0, we utilize (S9) and (S10) to obtain

‖δ̃n − δ0‖2n ≤ Op(n−1/2)‖δ̃n − δ0‖1−α/2n Jα/2(δ0) + λ2
nJ

v(δ0) +Op(n−1/2)‖δ̃n − δ0‖n. (S14)

Let Bn be the event that the last term of (S14) is the largest term of the right hand side of (S14).

Using similar argument for An, we can show that Pr(Bn)→ 0 as n→∞. By focusing on Bcn,

‖δ̃n − δ0‖n = Op(n−1/(2+α))

follows from the arguments of Theorem 10.2 of van de Geer (2000).

The proof is completed by collecting the dominating terms for the two different scenarios,

J(δ0) > 0 (cases (i)(b) and (ii)(b)) and J(δ0) = 0 (cases (i)(a) and (ii)(a)), seperately.

Proof of Theorem 2. This follows from Theorem 1 and Lemma 3.

Proof of Corollary 1. The key idea is the same as Section 10.1.1 of van de Geer (2000). Similar to

Example 9.3.2 of van de Geer (2000), define ψk(x) = xk−1 for 0 ≤ x ≤ 1, k = 1, . . . ,m; βu = δ(m)(u)

and φ̃u(x) = φu(x)− φ̄u(x) for 0 < u ≤ 1, where

φu(x) =
(x− u)m−1

(m− 1)!
1{u ≤ x} and φ̄u(x) =

m∑
k=1

γk,uψk(x)

such that 〈φ̃u, ψk〉n = 0 for k = 1, . . . ,m. That means
〈φu, ψ1〉n

〈φu, ψ2〉n
...

〈φu, ψm〉n

 = Σn


γ1,u

γ2,u

...

γm,u

 , (S15)

where Σn =
∫
ψψᵀdFn. For any δ ∈ H, we can decompose δ = δ1 + δ2 (orthogonally via inner

product 〈·, ·〉n) where

δ1 =
m∑
k=1

αkψk(x) ∈ H1 and δ2 =

∫ 1

0
βuφ̃udu ∈ H2.
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Here, H1 = {
∑m

k=1 αkψk : αk ∈ R} and H2 = {γ ∈ H : 〈γ, ψk〉n = 0, k = 1, . . . ,m}. Note that J

does not depend on δ1. That means J(δ) = J(δ2).

We can then show that δ̂n can be estimated via two separate estimations. Write the least

squares criterion in (5) as

‖y − gθ̂n − δ‖
2
n = ‖y − gθ̂n − δ0‖2n + ‖δ0 − δ‖2n + 2〈y − gθ̂n − δ0, δ0 − δ〉n.

Here, the first term is a constant with respect to δ. The second term can be written as

‖δ0 − δ‖2n = ‖δ0,1 − δ1‖2n + ‖δ0,2 − δ2‖2n

where δ0 = δ0,1 + δ0,2 and δ = δ1 + δ2 with δ0,1, δ1 ∈ H1 and δ0,2, δ2 ∈ H2. In addition,

〈y − gθ̂n − δ0, δ0 − δ〉n = 〈ε+ gθ0 − gθ̂n , δ0,1 − δ1〉n + 〈ε+ gθ0 − gθ̂n , δ0,2 − δ2〉n.

The estimator can be written as δ̂n = δ̂1,n + δ̂2,n, where

δ̂1,n = arg min
δ1∈H1

{
‖δ1 − δ0,1‖2n − 2〈ε+ gθ0 − gθ̂n , δ1 − δ0,1〉n

}
,

δ̂2,n = arg min
δ2∈H2

{
‖δ2 − δ0,2‖2n − 2〈ε+ gθ0 − gθ̂n , δ2 − δ0,2〉n + λ2

nJ
2(δ2)

}
.

As for δ̂1,n, by Theorem 1, we have

‖δ̂1,n − δ0,1‖2n ≤ 2〈ε, δ̂1,n − δ0,1〉n + 2〈gθ0 − gθ̂n , δ̂1,n − δ0,1〉n

≤ 2〈ε, δ̂1,n − δ0,1〉n +Op(n−1/2)‖δ̂1,n − δ0,1‖n

Thus, either

‖δ̂1,n − δ0,1‖2n ≤ Op(n−1/2)‖δ̂1,n − δ0,1‖n, (S16)

or

‖δ̂1,n − δ0,1‖2n ≤ 4〈ε, δ̂1,n − δ0,1〉n. (S17)

The first inequality (S16) results in ‖δ̂1,n − δ0,1‖n = Op(n−1/2). Note that H1 is just the function

space for a linear regression, we can obtain its entropy result from Example 9.3.1 of van de Geer

(2000). Then the second inequalty (S17) also leads to ‖δ̂1,n − δ0,1‖n = Op(n−1/2) by the peeling

device, similarly as in Lemma 2, and the arguments in Theorem 1 (see (S6)). Since the argument

is typical (see, e.g., the proofs of Lemma 3.4 and Theorem 4 of van de Geer (1990), and Theorem

9.1 of van de Geer (2000)), we skip the details.
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As for δ̂2,n, we apply Lemma 3. Note that with smallest eigenvalue of
∫
ψψᵀdFn bounded away

from zero, Assumption 6(c) is fulfilled for H2 (Mammen, 1991; van de Geer, 2000, pp. 171) with

α = 1/m. We now focus on Assumption 6(d). For any δ2 ∈ H2,

|δ2(x)| =
∣∣∣∣∫ 1

0
βuφ̃u(x)du

∣∣∣∣ =

∣∣∣∣∫ 1

0
βuφu(x)du−

∫ 1

0
βuφ̄u(x)du

∣∣∣∣
≤
∣∣∣∣∫ 1

0
βuφu(x)du

∣∣∣∣+

∣∣∣∣∫ 1

0
βuφ̄u(x)du

∣∣∣∣ .
First, there exists K2 < ∞ such that for all 0 ≤ x ≤ 1, |

∫ 1
0 βuφu(x)du| ≤

√∫ 1
0 β

2
udu

∫ 1
0 φ

2
u(x)du ≤

K2J(δ2). As for the second term, for 0 ≤ x ≤ 1,∣∣∣∣∫ 1

0
βuφ̄u(x)du

∣∣∣∣ =

∣∣∣∣∣
∫ 1

0
βu

m∑
k=1

γk,uψk(x)du

∣∣∣∣∣
≤

m∑
k=1

|ψk(x)|
∣∣∣∣∫ 1

0
βuγk,udu

∣∣∣∣
≤

m∑
k=1

∣∣∣∣∫ 1

0
βuγk,udu

∣∣∣∣ ,
where the last inequality follows from |ψk(x)| = |xk−1| ≤ 1. By (S15),∣∣∣∣∫ 1

0
βuγk,udu

∣∣∣∣ ≤ m∑
l=1

B

∣∣∣∣〈∫ 1

0
βuφu, ψl

〉
n

∣∣∣∣ ≤ m∑
k=1

BK2J(δ2)‖ψl‖n ≤ mBK2J(δ2),

where B < ∞ is the max norm of Σ−1
n . Note that the existence of Σ−1

n is garanteed by that the

smallest eigenvalue of Σn is bounded away from zero. Thus supx |δ2(x)| ≤ (m2B+1)K2J(δ2) which

implies Assumption 6(d). Moreover, this result also implies that J(δ2) > 0 for all δ2 ∈ H2 \ {0}

and δ0,2 ≡ 0 if J(δ0) = J(δ0,2) = 0. Then the corollary follows.
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